A note on Newton non-degeneracy of mixed weighted homogeneous
























A NOTE ON NEWTON NON-DEGENERACY OF MIXED WEIGHTED
HOMOGENEOUS POLYNOMIALS
SACHIKO SAITO AND KOSEI TAKASHIMIZU
Abstract. A mixed polynomial f(z, z̄) is called a mixed weighted homogeneous polynomial (Definition 11)
if it is both radially and polar weighted homogeneous. Let f be a mixed weighted homogeneous polynomial
with respect to a strictly positive radial weight vector P and a polar weight vector Q. Suppose that f is
Newton non-degenerate over a compact face ∆(P ) and f is polar weighted homogeneous of non-zero polar
degree with respect to Q. Then we can show that f : C∗n → C has no mixed critical points. Moreover, if
we assume that f−1(0) ∩ C∗n 6= ∅, then we can show that f : C∗n → C is surjective. In other words, in this
case, Newton non-degeneracy over a compact face ∆(P ) implies strong Newton non-degeneracy over ∆(P )
(Proposition 18). This is a well-known fact (see [2], Remark 4). The main purpose of this note is to give
clear formulations of Newton non-degeneracy and strong Newton non-degeneracy and prove Proposition 18
in detail.
1. Mixed functions and mixed polynomials
Let U be a neighborhood of 0 in Cn. We assume Ū = U , where z̄ stands for the complex conjugate
(z̄1, . . . , z̄n) of z = (z1, . . . , zn) ∈ C
n. For a complex valued holomorphic function F (z,w) on U × U with
complex 2n variables, we set
f(z, z̄) := F (z, z̄),
which is defined over U . We call it a mixed analytic function (or mixed function) f on U . We assume that










be the Taylor expansion of F at (0,0), where ν = (ν1, . . . , νn), µ = (µ1, . . . , µn), νi ≥ 0, µj ≥ 0, z
ν :=
zν11 · · · z
νn
n , w
µ := wµ11 · · ·w
µn
n . Then we have c0,0 = 0 and







Note that the coefficients of the Taylor expansion (1.1) of f are unique.
We call f(z, z̄) a mixed polynomial when the number of monomials cν,µz
ν
z̄
µ, cν,µ 6= 0 is finite.
For a mixed function f on U , let us consider
V := f−1(0) (⊂ U),
which we call a mixed hypersurface. We set zj = xj + iyj and consider the real valued functions
g(x,y) := ℜf(z, z̄), h(x,y) := ℑf(z, z̄)
with real 2n variables (x,y). Then we have f(z, z̄) = g(x,y) + ih(x,y), and V = {(x,y) ∈ U | g(x,y) =
h(x,y) = 0}.
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Definition 1. Let f(z, z̄) be a mixed analytic function on U (⊂ Cn). We say a = (a1, . . . , an) ∈ U is
a mixed critical point (or a mixed singular point) of f if the rank of the differential map (df)a : TaC
n →
Tf(a)C ∼= Tf(a)R
2 is less than 2. We say a ∈ U is a mixed regular point of f if it is not a mixed critical
point of f .






























































Proposition 2 (Oka [1], Proposition 1). The following two conditions are equivalent:
(1) a = (a1, . . . , an) is a mixed critical point of f .
(2) There exists a complex number α with |α| = 1 which satisfies ∂f(a, ā) = α∂̄f(a, ā).
2. Radial Newton polyhedrons and their faces
We set Rn+ := {(x1, . . . , xn) | xi ≥ 0}.








at 0 ∈ Cn. Let
Γ+(f)
be the convex hull of the set
⋃
cν,µ 6=0
(ν + µ) + Rn+,
which we call the (radial) Newton polyhedron of the germ (f,0) of a mixed function f at 0.
For a “weight vector”




let d(P ) be the minimum value of the linear function





where ξ = (ξ1, . . . , ξn) ∈ Γ+(f). We set
∆(P ) := {ξ ∈ Γ+(f) | P (ξ) = d(P )},
which we call a face of Γ+(f). Note that ∆(P ) 6= ∅ by its definition. If dim∆(P ) = n−1, then P is unique
up to multiplications of positive real numbers.
Definition 4 (strictly positive weight vector). We say a weight vector P = t(p1, . . . , pn) is strictly positive
if pi > 0 for every i (= 1, . . . , n). We write P ≫ 0 if P is strictly positive.
Remark 5 (cf.[5]). A face ∆ of Γ+(f) is compact if and only if ∆ = ∆(P ) for some strictly positive
weight vector P . This is a famous fact. Here we give a proof. If P = t(p1, . . . , pn) is strictly posi-
tive, then the set {(x1, . . . , xn) ∈ R
n
+ | P (x1, . . . , xn) = d(P )} is an (n − 1)-simplex whose vertices are
d(P )(1/p1, 0, . . . , 0), . . . , d(P )(0, . . . , 0, 1/pn). Since the face ∆(P ) is contained in this (n − 1)-simplex, it
is a bounded closed subset of Rn+, and hence, it is compact. Conversely, if a face ∆ = ∆(Q) is compact,
where Q = t(q1, . . . , qn), then we can take Q to be strictly positive. Actually, take the minimum number
m (1 ≤ m ≤ n) such that ∆ ⊂ Rm × {0} changing the order of the components of Rn if necessary. Then,
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we have Q(x) = t(q1, . . . , qm,M, . . . ,M)(x) for every x ∈ ∆ and every positive real number M . If we take
a sufficiently large positive real number M0, then we have
Q(x) ≤ t(q1, . . . , qm,M0, . . . ,M0)(x)
for all x ∈ Γ+(f). Put P :=
t(q1, . . . , qm,M0, . . . ,M0). Then we have
∆ = ∆(Q) = ∆(P ).
For every i (1 ≤ i ≤ m), there exists a point x ∈ ∆ such that xi 6= 0. Suppose that qi = 0. We set
x
′ = (x1, . . . , xi−1, xi + α, xi+1, . . . , xn) (∈ Γ+(f)),
where α is an arbitrary non-negative real number. Then x′ ∈ ∆(P ) = ∆. This contradicts the compactness
of ∆. Hence, P is strictly positive.
Definition 6 (face function, [4], p.78). For a compact face ∆(P ), we define







which we call a face function (or face polynomial) of a mixed function germ (f,0).
3. Radially and polar weighted homogeneous polynomials
Definition 7 ([3]; [4], p.182).





µ is called radially weighted homogeneous if there exists
a weight vector




and a positive integer dr (> 0) such that




pi(νi + µi) = dr.
We call dr the radial degree of f , and define
rdegPf := dr.





µ is called polar weighted homogeneous if there exists a
weight vector




and an integer dp (> 0, 0 or < 0) such that




qi(νi − µi) = dp.
We call dp the polar degree of f , and define
pdegQf := dp.
Remark 8. In Definition 6, since we assume f(0) = 0, every face function (face polynomial) fP (z) =
f∆(P )(z), where P is strictly positive, of a mixed function germ (f,0) is a radially weighted homogeneous
polynomial of radial degree d(P ) (> 0) with respect to the weight vector P .
Lemma 9 (cf.[1], [2]). Let f(z, z̄) be a mixed polynomial. We have the following.
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• Let P = t(p1, . . . , pn) (6= 0) ∈ N
+
R
be a weight vector and dr be a positive integer. For a positive
real number t and z ∈ Cn, we define
t ◦ z := (tp1z1, . . . , t
pnzn).
Then
f(t ◦ z) = tdrf(z) (∀t > 0,∀z ∈ Cn)
if and only if




pi(νi + µi) = dr.
• Let Q = t(q1, . . . , qn) (6= 0) ∈ N
+
R
be a weight vector and dp be an integer. For a real number θ and
z ∈ Cn, we define
θ ◦ z := (eiq1θz1, . . . , e
iqnθzn).
Then
f(θ ◦ z) = eidpθf(z) (∀θ ∈ R,∀z ∈ Cn)
if and only if




qi(νi − µi) = dp.













By the uniqueness of the Talor expansion, we have
cν,µ 6= 0 =⇒ t
P (ν+µ) = tdr (∀t > 0).
Hence, we have P (ν + µ) = dr. The proof of the converse is easy.













By the uniqueness of the Talor expansion, we have
cν,µ 6= 0 =⇒ e
iQ(ν−µ)θ = eidpθ (∀θ ∈ R).
Take a real number θ (6= 0) such that −π < Q(ν − µ)θ, dpθ ≤ π. Then we have Q(ν − µ) = dp. The proof
of the converse is easy. 





µ be a mixed polynomial.
(R): If f(z,z) is a radially weighted homogeneous polynomial of radial degree dr (> 0) with respect to a















(P): If f(z,z) is a polar weighted homogeneous polynomial of polar degree dp with respect to a weight
















Proof. We give a direct proof which is different from p.183 of [4]. We first prove (R). If f is a radi-
ally weighted homogeneous polynomial of radial degree dr (> 0) with respect to a weight vector P =








1 · · · z
νj−1











1 · · · z
νn
n z








































































We can prove (P) in the same way. 
Definition 11 (mixed weighted homogeneous polynomial, [4], pp.182–184). We say a mixed polynomial
f(z, z̄) is a mixed weighted homogeneous polynomial if it is both radially and polar weighted homogeneous.
Here, the corresponding weight vectors P and Q are possibly different.
Definition 12 (strongly mixed weighted homogeneous polynomial; cf.[4],p.183; [3],p.174; [6]). We say a
mixed weighted homogeneous polynomial f(z, z̄) is a strongly mixed weighted homogeneous polynomial if
f is radially and polar weighted homogeneous with respect to the same weight vector P .
Furthermore, a mixed weighted homogeneous polynomial f is called a strongly polar positive (respectively,
strongly polar non-negative) mixed weighted homogeneous polynomial with respect to a weight vector P if
f is radially and polar weighted homogeneous with respect to the same weight vector P and pdegP f >
0 (respectively, pdegP f ≥ 0).
Definition 13 (cf.[4],Definition 9.18; [3],p.174; [6]). Let (f,0) be a mixed function germ at 0 ∈ Cn.
(1) The germ (f,0) of a mixed function f(z, z̄) at 0 ∈ Cn is called of strongly mixed weighted homoge-
neous face type if the face function f∆(z, z̄) is a strongly mixed weighted homogeneous polynomial
(Definition 12) for every compact face ∆.
(2) The germ (f,0) of a mixed function f(z, z̄) at 0 ∈ Cn is called of strongly polar positive (respectively,
of strongly polar non-negative) mixed weighted homogeneous face type if for every 1) compact face
∆, the face function f∆(z, z̄) is a strongly polar positive (respectively, strongly polar non-negative)
mixed weighted homogeneous polynomial (Definition 12) with respect to some strictly positive
weight vector P with ∆ = ∆(P ).
Remark 14 ([6]). Let (f,0) be a mixed function germ of strongly polar non-negative mixed weighted
homogeneous face type. Then, under some assumptions, the face function fP is a strongly polar non-
negative mixed weighted homogeneous polynomial with respect to every strictly positive weight vector P .
See [6], Proposition 30.
1)In [3], a convenient (see Definition 22 of this paper) mixed function f(z, z̄) is called of strongly polar positive (mixed)
weighted homogeneous face type if the face function f∆(z, z̄) is a strongly polar positive (mixed) weighted homogeneous
polynomial for every (n− 1)-dimensional face. After this definition, Proposition 10 of [3] proves that for a convenient mixed
function f of strongly polar positive (mixed) weighted homogeneous face type (in the sense of [3]) and any weight vector P ,
the face function f∆(P ) is also a strongly polar positive mixed weighted homogeneous polynomial with respect to P .
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4. Newton non-degeneracy and Strong Newton non-degeneracy
Definition 15 ([2], p.6, Definition 3; [4], p.80 and pp.181–182). Let (f,0) be the germ of a mixed function
f at 0 ∈ Cn.
(1) We say (f,0) is Newton non-degenerate over a compact face ∆ if 0 is not a mixed critical value of
the face function f∆ : C
∗n → C. (In particular, if f−1∆ (0) ∩ C
∗n = ∅, then 0 is not a mixed critical
value of the face function f∆ : C
∗n → C.)
(2) Let ∆ be a compact face with dim∆ ≥ 1. We say (f,0) is strongly Newton non-degenerate over ∆
if the face function f∆ : C
∗n → C has no mixed critical points and f∆ : C
∗n → C is surjective onto
C.
(3) Let ∆ be a compact face with dim∆ = 0, that is, ∆ is a vertex of Γ+(f). We say (f,0) is strongly
Newton non-degenerate over ∆ if the face function f∆ : C
∗n → C has no mixed critical points 2) .
Definition 16 ([4], p.80 and p.182). We say the germ (f,0) of a mixed function f at 0 ∈ Cn is Newton non-
degenerate (respectively, strongly Newton non-degenerate) if (f,0) is Newton non-degenerate (respectively,
strongly Newton non-degenerate) over every compact face ∆.





2 of degree 2 at 0 ∈ Cn is Newton nondegenerate, but not strongly Newton nondegenerate.
Actually, for every compact face ∆, we have ρ∆
−1(0) ∩ C∗n = ∅. However, since ρ∆(C
n) ⊂ R, every point
in C∗n is a mixed critical point. Hence, ρ is not strongly Newton nondegenerate.
Proposition 18 (Oka[2], Remark 4; Takashimizu[7]; [6]). Let f(z) be a holomorphic weighted homogeneous
polynomial of positive degree with respect to a strictly positive weight vector P . (Then we have f = f∆(P ).)
(i) Suppose that f is Newton non-degenerate over ∆(P ), namely, 0 is not a critical value of f∆(P ) = f :
C
∗n → C. Then f∆(P ) = f : C
∗n → C has no critical point. Hence, with (ii) below, f is strongly Newton
non-degenerate over ∆(P ).
(ii) Suppose that dim∆(P ) ≥ 1, namely, f = f∆(P ) has at least two monomials. Then f∆(P ) = f :
C
∗n → C is surjective.
In the mixed cases, the situations are more complicated 3) . Let f be a mixed weighted homogeneous
polynomial (Definition 11) with respect to a radial weight vector P (≫ 0) and a polar weight vector Q.
(iii) Suppose that (f,0) is Newton non-degenerate over a compact face ∆(P ) and the face function f =
fP is a polar weighted homogeneous polynomial of non-zero polar degree with respect to the polar weight
vector Q. Then f : C∗n → C has no mixed critical points.
(iv) In addition to (iii), we assume that f−1(0) ∩ C∗n 6= ∅. Then f : C∗n → C is surjective. Hence,
with (iii), in this case, Newton non-degeneracy over a compact face ∆(P ) implies strong Newton non-
degeneracy over ∆(P ).
Proof. Here we give a detailed proof. See also Takashimizu [7].
(i) Suppose that f is Newton non-degenerate over ∆(P ), namely, 0 is not a critical value of f∆(P ) = f :
C







= (degP f) · f(z).
Hence, if z ∈ C∗n is a critical point of f , then we have (degP f) · f(z) = 0. Since degP f > 0, we have
f(z) = 0. This is a contradiction.
(ii) Suppose that dim∆(P ) ≥ 1, namely, f = f∆(P ) has at least two monomials. We will show that
f∆(P ) = f : C
∗n → C is surjective by the induction on n. Here we have n ≥ 2 since f = f∆(P ) has at least
two monomials.
2)In this case we do not need the surjectivity from C∗n to C.
3)Note that a 0-dimensional face (vertex) of Γ+(f) possibly corresponds to plural terms (monomials) of f .
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We put f(z) =
∑
ν∈∆(P ) cνz
ν , z = (z1, z2, . . . , zn), ν = (ν1, ν2, . . . , νn), where P =
t(p1, p2, . . . , pn) ≫ 0
and d := degP f (> 0).









1 , cm1,m2 6= 0, cn1,n2 6= 0,
where n1 is the lowest exponent of z1. Since f has at least two monomials, we have m1 > n1 ≥ 0. Then
we have
f(z1, 1) = cm1,m2z
m1





1 + · · · + cn1,n2).
Suppose that f(z1, z2) ≡ 0 on C
∗2. Then f(z1, 1) = 0 for every z1 ∈ C
∗ and hence, there exist infinitely
many roots of the equation f(z1, 1) = 0. Since f(z1, 1) is a holomorphic polynomial with complex coeffi-
cients and 1 variable of degree m1 (> 0), this is a contradiction. Thus, there exists (α1, α2) ∈ C
∗2 such
that f(α1, α2) 6= 0. Since f is a weighted homogeneous polynomial of degree d (> 0) with respect to the




for every t ∈ C∗. Hence, we see that f(C∗2) ⊃ C∗. Moreover, we have f(z1, 1) = 0 if and only if z1 = 0
or cm1,m2z
m1−n1
1 + · · · + cn1,n2 = 0, where m1 − n1 > 0, cm1,m2 6= 0, cn1,n2 6= 0. Hence, the equation
f(z1, 1) = 0 has a root z1 (6= 0). Thus, f : C
∗2 → C is surjective.
Step 2: Let us consider n (≥ 3) variables case. Suppose that the following assertion (*) is true.
(*): If f(z) is a holomorphic weighted homogeneous polynomial with (n− 1) variables of positive degree
with respect to a strictly positive weight vector P having at least two monomials, then f : C∗(n−1) → C is
surjective.
Let m1 > 0 be the highest exponent of z1. We have
f(z) = p(z2, . . . , zn)z
m1
1 + · · · .
(1) Let us consider the case f(z) = p(z2, . . . , zn)z
m1
1 . Then p(z2, . . . , zn) has at least 2 monomials, and
it is a holomorphic weighted homogeneous polynomial with (n− 1) variables of degree d−m1p1 > 0 with
respect to the weight vector t(p2, . . . , pn). By the induction hypothesis, p : C
∗(n−1) → C is surjective. Since
f(1, z2, . . . , zn) = p(z2, . . . , zn), we see that f : C
∗n → C is surjective.
(2) Let us consider the case f(z) = p(z2, . . . , zn)z
m1
1 + · · ·+q(z2, . . . , zn)z
n1
1 , q 6= 0, m1 > n1 ≥ 0. If both
p and q are monomials, then we have p(1, . . . , 1)q(1, . . . , 1) 6= 0. If p or q has at least 2 monomials, then
p(z2, . . . , zn)q(z2, . . . , zn) also has at least 2 monomials, and it is a holomorphic weighted homogeneous
polynomial with (n− 1) variables of degree deg pq > 0 4). Hence, by the induction hypothesis, there exists
(α2, . . . , αn) ∈ C
∗(n−1) such that p(α2, . . . , αn)q(α2, . . . , αn) 6= 0. Thus, in both cases we see that there
exists (α2, . . . , αn) ∈ C
∗(n−1) such that p(α2, . . . , αn) 6= 0 and q(α2, . . . , αn) 6= 0. Since f(z1, α2, . . . , αn) =
zn11 (p(α2, . . . , αn)z
m1−n1
1 + · · ·+q(α2, . . . , αn)), we see that f : C
∗n → C is surjective by the same argument
as in Step 1.
(iii) We set dr := rdegPf, dp := pdegQf . We will show that there are no mixed critical points of f on
C
∗n. Since f is a mixed weighted homogeneous polynomial (Definition 11) with respect to a radial weight
vector P and a polar weight vector Q, we have the Euler equalities:



































µ be weighted homogeneous polynomials with respect to the same weight vector




ν+µ is also a weighted homogeneous polynomials of degree deg p + deg q with respect to a.
Actually, if ν + µ = λ for a fixed exponent λ = (λ1, . . . , λn) ∈ Z
n
+ and bνcµ 6= 0, then we have bν 6= 0, cµ 6= 0, and hence,∑n
j=1 ajλj =
∑n




j=1 ajµj = deg p+ deg q.
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Suppose that z0 ∈ C∗n is a mixed critical point of f . Then, by Proposition 2, there exists α ∈ C with
























































































(z0,z0). Then we have
dr · f(z
0,z0) = c+ αc, dp · f(z
0,z0) = c′ − αc′.
We set α = eiθ, c = ρeiτ , c′ = ρ′eiτ
′
and we have
c+ αc = ρeiτ + e−iθρe−iτ
= ρ(eiτ + e−i(θ+τ))



































































































However, since dr, dp are non-zero integers, the difference of the arguments of the complex numbers
dr · f(z
0,z0) and dp · f(z
0,z0) is written as nπ (n ∈ Z). This is a contradiction.
(iv) Suppose that f(z) = 0 for every z ∈ C∗n. Then z is a mixed critical point of f and f(z) = 0.
This contradicts the Newton non-degeneracy of f . Hence, there exists α = (α1, · · · .αn) ∈ C
∗n such that
f(α) 6= 0. Since f is mixed weighted homogeneous and dr > 0, dp 6= 0, by Lemma 9, we have
f(t ◦ (eiθ ◦α)) = tdreidpθf(α) (∀t > 0, ∀θ ∈ R),
8
and hence, f(C∗n) ⊃ C∗. With the assumption f−1(0)∩C∗n 6= ∅, we see that f : C∗n → C is surjective. 
Remark 19. Note that we use the non-zero polar degree condition (dp 6= 0) in both proofs of (iii) (the
non-existence of mixed critical points of f on C∗n) and (iv) (the surjectivity of f : C∗n → C) in Proposition
18.
Example 20 ([7]). Let us consider the mixed polynomial












Then g is a mixed weighted homogeneous polynomial of radial degree rdegP g = 43 with respect to the
radial weight vector P = t(1, 5) and of polar degree pdegQg = 9 with respect to the polar weight vector











correspond to 0-dimensional face {(8, 7)}. We have g = g∆(P ) and dim∆(P ) = 1. We will show that
g−1(0) ∩ C∗2 = ∅ below.
For (z1, z2) ∈ C
∗2; z1 = r1e
iθ1 , z2 = r2e
iθ2 (r1 > 0, r2 > 0), we have




























= r2(cos (3θ1 − 2θ2) + i sin (3θ1 − 2θ2)− cos (−3θ1 + 8θ2)− i sin (−3θ1 + 8θ2))
+r51(cos (6θ1 − 7θ2) + i sin (6θ1 − 7θ2) + cos 3θ2 + i sin 3θ2)
= 2r2 sin (3θ1 − 5θ2)(− sin 3θ2 + i cos 3θ2)
+2r51 cos (3θ1 − 5θ2)(cos (3θ1 − 2θ2) + i sin (3θ1 − 2θ2))














+2r51 cos (3θ1 − 5θ2)(cos (3θ1 − 2θ2) + i sin (3θ1 − 2θ2)).
If one of sin (3θ1 − 5θ2), cos (3θ1 − 5θ2) is 0, then the other is not 0. Hence, we have g(z1, z2, z1, z2) 6= 0.
If g(z1, z2, z1, z2) = 0, then we have sin (3θ1 − 5θ2) 6= 0 and cos (3θ1 − 5θ2) 6= 0. From the equality














+2r51 cos (3θ1 − 5θ2)(cos (3θ1 − 2θ2)+i sin (3θ1 − 2θ2)) = 0,
we have












we have −3θ1 + 5θ2 +
π
2 = nπ (n ∈ Z). On the other hand, we have cos (3θ1 − 5θ2) = 0. This is
a contradiction. Thus we have g−1(0) ∩ C∗2 = ∅, and hence, g is Newton non-degenerate over ∆(P ).
However, g = g∆(P ) : C




















Related to the assumption f−1∆(P )(0) ∩ C
∗n 6= ∅ in Proposition 18, Oka ([2]) introduced the notion “true
non-degeneracy”:
Definition 21 ([2], Definition 3). A mixed function germ f(z,z) at 0 ∈ Cn is called true non-degenerate
if f is Newton non-degenerate and f−1∆ (0) ∩C
∗n 6= ∅ for every compact face ∆ of Γ+(f) with dim∆ ≥ 1.





µ. We assume that f(0) = 0. For a
subset I ⊂ {1, 2, · · · , n}, we set f I := f |CI .
Definition 22. A mixed function germ (f,0) is convenient if f I 6≡ 0 for every I ⊂ {1, 2, · · · , n}, I 6= ∅.
The following lemma is well-known. We give a proof below.
Lemma 23. A mixed function germ (f,0) is convenient if and only if for every fixed i (= 1, . . . , n), there




i (cν,µ 6= 0),
where ν := (0, . . . , 0, νi, 0, . . . , 0), µ := (0, . . . , 0, µi, 0, . . . , 0).
Proof. Suppose that (f,0) is convenient. If for some i (= 1, . . . , n), there are no pair of non-negative




i (cν,µ 6= 0), where ν := (0, . . . , 0, νi, 0, . . . , 0), µ :=
(0, . . . , 0, µi, 0, . . . , 0), is a term of f , then we have f
{1,...,i−1,i+1,...,n} ≡ 0. This contradicts the conve-
nience of (f,0). Conversely, suppose that for every fixed i (= 1, . . . , n), there exists a pair of non-




i (cν,µ 6= 0), where







variable zi on C
{1,...,i−1,i+1,...,n} (ziaxis). By the uniqueness of the Talor expansion of a mixed function,
f{1,...,i−1,i+1,...,n} 6≡ 0. Hence, we have f I 6≡ 0 for every I ⊂ {1, 2, · · · , n}, I 6= ∅. Namely, (f,0) is
convenient. 
Note that a convenient Newton non-degenerate mixed function germ yields at most an isolated mixed
critical point in V := f−1(0):
Theorem 24 ([2], Theorem 19 (1)). Let (f,0) be a convenient Newton non-degenerate mixed function
germ. 0 is a mixed regular point of f or an isolated mixed critical point of f in the mixed hypersurface
V := f−1(0).
Remark 25. By Lemma 23, the mixed weighted homogeneous polynomial g in Example 20 is not conve-
nient.
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Problem 26. Are there any convenient Newton non-degenerate mixed weighted homogeneous polynomial
germ (f,0) of positive radial degree with respect to some strictly positive weight vector P and of non-zero
polar degree with respect to some strictly positive weight vector Q which is not strongly Newton non-
degenerate over the compact face ∆(P ) ?
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